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Abstract
A computational procedure is developed in the present paper, allowing the prediction of the ballasted track profile
degradation under railway traffic loading. In this procedure, an integration of the short-term and long-term mechanical
processes of track deterioration is taken into account, using a track degradation model. This degradation model is
incorporated into a finite element code where two modes of calculation are implemented: the ‘‘implicit mode’’ concerns
the short-term track deterioration, in which the hypoplastic model is used for the ballast layer and the dynamic response
to an instantaneous train axle passage is obtained to serve as input data for the ‘‘explicit mode’’, which concerns the
simulation of long-term track deterioration, using the accumulation model for ballast layer. The whole procedure is
illustrated on the prediction of the ballasted track profile degradation of a track section of 100m. The results show a
significant influence of the type of track geometry defects and the vehicle velocity on the evolution of track deterioration
and the capability of the proposed procedure in reproducing the track profile degradation.
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Introduction
The maintenance costs for railway infrastructure, in
the case of traditional ballasted track, represent a con-
siderable amount, of the order of E25,000–30,000 per
kilometre per year.1 It is of course a priority to opti-
mise these costs and achieve a reduction in mainten-
ance costs due to track quality deterioration and
permanent settlements in ballasted track, which
increase with velocity, traﬃc loads, number of load
cycles and other factors. To this day the maintenance
planning still has a strongly empirical character that
could open to faults and misjudgements, due to the
necessary time to analyse all of the data from inspec-
tion or an insuﬃcient and/or inadequate database,
etc. Therefore, an accurate prediction of track quality
degradation can be a useful tool for interpreting and
planning maintenance while minimising error as much
as possible.
The deterioration of the track can be produced in
diﬀerent components of the track, generally these
components may be categorised into two groups: the
superstructure and the substructure. According to
Suiker2 the mechanical processes that originate track
deterioration can be separated into two categories: (i)
short-term mechanical processes and (ii) long-term
mechanical processes. The ﬁrst category describes
the instantaneous, dynamic behaviour of railway
track, as activated during the passage of one, or sev-
eral train axles. The second category is characterised
by a typically quasi-static time dependency, such as
subgrade particle migration into the ballast layer, or
long-term substructural settlements and long-term
abrasion of rail proﬁles under a very large number
of train axle passages. From the modelling point of
view, it is convenient to separate the short-term mech-
anical processes and long-term mechanical processes.
However, for an adequate assessment of the overall
track performance the interaction between these pro-
cesses should also be taken into account.
This study presents a computational procedure for
the prediction of ballasted track proﬁle degradation
under railway traﬃc loading, in which the short-term
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mechanical processes and the long-term mechanical
processes have been integrated into a joint modelling
procedure. In the rest of this paper, the research back-
ground is described after this introduction. Following
this, the track degradation model used in this study
and its numerical implementation into the ﬁnite elem-
ent code are described. For the prediction of track
proﬁle degradation a working methodology of the cal-
culation procedure and a coupled vehicle–track
system are presented. The inﬂuence of the type of
track geometry defects and vehicle velocity on the
settlement evolution and dynamic response are eval-
uated and discussed. Furthermore, the prediction cap-
ability of the proposed methodology is veriﬁed by
comparing the numerical evolution of track proﬁle
with the real evolution of the track proﬁle.
Research background
The repetitive dynamic loading and unloading of
track structures from train traﬃc is the main cause
of track degradation, which can be produced in diﬀer-
ent components of the track. According to the origin,
several types of deterioration can be distinguished,
such as deterioration of track geometric quality, rail
defects, wheel defects and/or fatigue and failure
of superstructure materials. The control of track geo-
metric quality is a very important task in the track
maintenance. Its deterioration is generated as a con-
sequence of the track settlement. In turn, the track
settlement is a result of permanent deformation in
the diﬀerent layers that support the sleepers, such as
the ballast, sub-ballast and subgrade. In agreement
with the studies performed by Selig and Waters,3 the
relative contribution of the ballast layer settlement
represents about 50–70% of overall settlement (see
Figure 1(a)). Furthermore, in good quality track
that is already consolidated, Selig and Waters3 indi-
cate that the contribution of the subgrade and the
sub-ballast layer are no longer representative in the
total settlement of the track. Only the zone of ballast
layer aﬀected by tamping process contributes for the
settlement process of the track (see Figure 1(b)).
According to Dahlberg,4 among other authors, the
ballasted track settlement occurs in two major phases.
. Phase I: takes place immediately after the tamping.
The settlement is relatively fast until the gaps
(a)
(b)
Figure 1. Contributions of substructure to total track settlement:3 (a) in the new track; (b) in the consolidated track.
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between the ballast particles are reduced and the
consolidation of ballast layer is achieved.
. Phase II: occurs after phase I. It represents a slower
response with a relationship between settlement
and number of loading cycles which is approxi-
mately linear. In this phase, important mechanisms
of ballast and subgrade take place along lifetime,
related mainly to their densiﬁcation and inelastic
behaviour.
Numerous authors have proposed models for esti-
mation of track settlement and consequential track
geometry deterioration. Most of those equations
were based on the results of laboratory tests and
measurements made on the track. Usually those equa-
tions involve empirical expressions that depend on
parameters such as: maximum vertical pressure on
the ballast, sleeper reaction force on the ballast, initial
ballast deformation, sleeper elastic deﬂection, number
of loading cycles and other constants. A power law in
relation with the number of loading cycles has been
proposed in the literature,5,6,7 while logarithmic for-
mulations are used by a number of authors8,9 and
other authors10,11,12 use a rate form. A detailed dis-
cussion of these empirical laws is given in Dahlberg.4
These laws are certainly easy to apply due to their
simplicity, but represent some shortcoming. An essen-
tial problem is in fact that the characteristics of the
applied loading cycle may not be suﬃciently well cap-
tured. The load amplitude expressed in maximum ver-
tical pressure on ballast is used in some works,8,13 but
other characteristics of load such as the loading path,
loading frequency are not taken into account. The
ballast quality, initial track conditions and stiﬀening
eﬀects due to the densiﬁcation are also not included in
these laws. Furthermore, almost all of those laws are
empirical formulations and not based on a continuum
mechanical approach, therefore, the implementation
of those laws in the ﬁnite element code presents con-
sistency problems in the solution.
In order to better understand the mechanical pro-
cesses that form the basis of track performance and
track deterioration, a methodology for granular
materials under large amplitude cyclic loading was
proposed by Suiker and de Borst.2,14 The long-term
behaviour of ballast is based on a shakedown concept,
in which it is considered that no permanent deform-
ations occur if the cycle load level is suﬃciently small.
In this constitutive model, the permanent deformation
is generated by two separate mechanisms, frictional
sliding and volumetric compaction, which are
described through the use of two state variables in a
classical plasticity framework. The Suiker model is
certainly seen as an elegant law for predicting the
strain accumulation behaviour of ballast material sub-
jected to cyclic loading. This model is a purely mech-
anical approach, which avoids the consistency
problems in solution that are found with the empirical
laws. However, the Suiker model is developed on the
basis of axisymmetric stress conditions. Therewith its
application, in fact, is limited to two-dimensional or
axisymmetric problems and cannot be applied directly
to dynamic problems. According to Suiker and de
Borst,14 it is necessary to translate the dynamic
response to an instantaneous train axle passage into
the quasi-static loading in order to apply this model to
simulate the long-term track deterioration.
Track settlement model
The track settlement model used in this study is based
on the model proposed by Niemunis et al.15 This
model is a semi-explicit procedure, which is formed
by the combination of two constitutive laws: a hys-
teretic model and an accumulation model. The hys-
teretic model is used in the so-called ‘‘implicit mode’’
to obtain the suitable stress and strain state in the
material due to the quasi-static or dynamic loading.
The accumulation model is applied in the so-called
‘‘explicit mode’’, using the information recorded in
the previous step to estimate the increment of strain
or of stress due to an increment of number of loading
cyclesN. Depending on the boundary conditions the
accumulation model leads to an accumulation of
stress or strain. In the case of accumulation of
strain, the strain follows the average accumulation
curve as given in Figure 2.
Accumulation model
The accumulation model was developed at the Ruhr
University of Bochum since on the basis of numerous
laboratory test results and based on the model pro-
posed by Sawicki and Swidzinski.17 Proposals to cap-
ture multidimensional strain loops are made and
several ideas to consider the strain amplitude "ampl
are presented in several publications.15,16,18–21
The basic structure of the accumulation model is
similar to a creep law but instead of time t the number
of cycles N is used. The general stress–strain relation-
ship is expressed by the following form:
r
 ¼ E : ðDDaccÞ ð1Þ
Therein r

is the objective Jaumann stress rate, E a
stress-dependent elastic stiﬀness tensor, D the strain
rate and Dacc the rate of strain accumulation.
The rate of strain accumulation Dacc depends on an
important number of factors, but can be approxi-
mated by the following form:
Dacc ¼ mfampl _fNfpfefYf ð2Þ
being m a tensorial direction of accumulation and six
functions that consider the following inﬂuence:
. fampl, strain amplitude "ampl;
. _fN, number of cycles N;
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. fe, void ratio e;
. fp, average mean pressure p
av;
. fY, average stress ratio av ¼ qav=pav;
. f, polarisation changes.
A detailed discussion about these functions and the
tensorial direction of accumulation is available in
Wichtmann.16 In this paper, only the mathematical
form of m and six functions are presented in
Appendix A.
Hypoplastic model
Herein, a hypoplastic material model22,23 with an
extension of the intergranular strain24 has been selected
for the implicit calculation steps. Hypoplastic models
have been developed as an alternative to elasto-plastic
models. The model is incrementally nonlinear, rate-
independent, does not need to deﬁne a yield surface,
a ﬂow rule or decompose the deformation into elastic
and plastic part. The hypoplastic constitutive model is
generally formulated by a single nonlinear tensorial
equation that yields the objective Jaumann stress rate
r

with the strain rate D:
r
 ¼ Lðr, eÞ : DþNð, eÞjjDjj ð3Þ
The fourth-order stiﬀness tensor Lðr, eÞ and the
second-order tensor Nðr, eÞ are functions of the
Cauchy stress tensor r and void ratio e. These func-
tions are the linear and nonlinear parts of the consti-
tutive law, respectively. For completeness of this
paper the mathematical representation of these func-
tions given by Von Wolﬀersdorﬀ23 is attached in
Appendix B. The term jjDjj ¼ ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃDijDijp makes the con-
stitutive equation incrementally nonlinear. The void
ratio is introduced as a state variable to take into
account the eﬀect of density material in its behaviour.
Since the mass is assumed to stay constant, the evo-
lution of the void ratio e can be determined by
_e ¼ ð1þ eÞtrðDÞ ð4Þ
According to Niemunis and Herle,24 a shortcoming
of the hypoplastic model in form (3) with respect to
the simulation of cyclic loading is the so-called ratch-
eting which manifests itself in an unrealistically high
rate of accumulation of deformation or stress. In
order to improve the description of the behaviour of
granular materials and, in particular, their response to
cyclic loading, a new state variable was introduced by
Niemunis and Herle24 and was the concept of inter-
granular strain as an extension of hypoplasticity. The
so-called intergranular strain tensor d is thought to
represent the deformation of an interface layer
between granular particles. The hypoplastic model
in the extended form becomes


ij ¼Mijklðr,D, d, eÞDkl ð5Þ
withMijkl is the tensor that includes the tensors L and
N from (3). The evolution equation of the intergranu-
lar strain tensor is determined by
_d ¼ FðD, dÞ ð6Þ
For detailed form of Mijkl and F, see Appendix B.
Numerical implementation
The presented track degradation model has been
implemented as a user’s material (user subroutine
UMAT, see the ABAQUS User Subroutines
Reference Manual) into FE program ABAQUS.25 A
user material has been implemented and introduced
within ABAQUS. The program ABAQUS uses an
implicit time integration and a full Newton solution
Figure 2. Scheme of the calculation of accumulation procedure (adapted from Wichtmann16).
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technique to solve (quasi-)static and dynamic problems.
There are three essential outputs that are required to be
updated within the UMAT subroutine. In particular,
the Cauchy stresses STRESS :¼ r, the user-deﬁned
state variables STATEV :¼ Q, and the tangent moduli
DDSDDE :¼ @r=@e (material Jacobian matrix)
must be updated in every iteration (full Newton).
The UMAT subroutine implemented has two
modes of operation.
1. Implicit mode: The program control is forwarded
to this mode of the subroutine, in which the hypo-
plastic model with the extension of the intergranu-
lar strain (5) is implemented. This mode is used to
obtain the initial state of equilibrium and perform
the ﬁrst load cycle and control cycles. During the
calculation with this mode the state of stress and
strain are recorded for subsequent calculation in
the explicit mode.
2. Explicit mode: In this mode the calculation of
accumulation according to equation (1) is carried
out. Prior to the ﬁrst increment in this mode the
strain amplitude "ampl and the accumulation strain
rate Dacc have to be determined. The FE program
redistributes stress in the course of equilibrium
iteration. Depending on the boundary value prob-
lem it results in settlements or pseudo-relaxation.
The UMAT identiﬁes the appropriate mode for
the respective step by the step number speciﬁed
in the input ﬁle. Figure 3 shows schematically how
the calculation steps and program modes are assigned.
It is sometimes practical to interrupt occasionally the
explicit procedure using a so-called ‘‘control cycle’’
in which a load cycle is applied in the implicit
mode. Such cycles are useful to update the strain amp-
litude "ampl.
It is explained below how to obtain the Jacobian
matrix for the track degradation model will be
explained, which is composed by two constitutive
models. Furthermore, an adaptive time integration
for the constitutive equations will also be described.
The size of substeps are controlled by a correct local
error estimator.
Consistent tangent moduli
It can be noted that both the accumulation and the
hypoplastic model have the constitutive equation in
rate form. Therefore, the method to compute the con-
sistent tangent moduli explained here is generally
for both models. For the given stress tensor rðtnÞ at
equilibrium iteration tn and an initial estimation of
strain increment e, the UMAT subroutine has to
update the stress tensor rðtn þtÞ at time tn þt
and the Jacobian matrix (its derivative with respect
to the strain increment). Thus, it is necessary to
solve the following system of diﬀerential equations
for tn4t4tn þt:
d
dt
r ¼ hðr,D,QÞ
d
dt
Q ¼ kðr,D,QÞ
ð7Þ
where Q denotes the additional state variables of each
model.
According to Fellin and Ostermann26 the
stress increment and strain rate can be deter-
mined by r ¼ rðtn þtÞ  rðtnÞ and D ¼
e=t. Hence, the consistent tangent operator is
expressed as
@r
@e
¼ @ ðrðtn þtÞ  rðtnÞÞ
@e
¼ 1
t
@r
@D
ðtÞ ð8Þ
From equation (8) in order to obtain the consistent
tangent moduli it is necessary to diﬀerentiate equation
(7) with respect to D, which generates the following
Figure 3. Assignment of calculation steps to program modes.
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equations:
d
dt
@r
@D
¼ @h
@r
ðr,D,QÞ : @r
@D
þ @h
@D
ðr,D,QÞ
þ @h
@Q
ðr,D,QÞ : @Q
@D
d
dt
@Q
@D
¼ @k
@r
ðr,D,QÞ : @r
@D
þ @k
@D
ðr,D,QÞ
þ @k
@Q
ðr,D,QÞ : @Q
@D
ð9Þ
As consequence of the complex expressions in the
two above equations, they are determined by numer-
ical diﬀerentiation:
d
dt
@r
@D
 
¼

hðrðDþ #VÞ,Dþ #V,QðDþ #VÞÞ
hðr,D,QÞ

#
ð10Þ
d
dt
@Q
@D
 
¼

kðrðDþ #VÞ,Dþ #V,QðDþ #VÞÞ
kðr,D,QÞ

#
ð11Þ
being
rðDþ #VÞ ¼ rþ # @r
@D
, QðDþ #VÞ ¼ Qþ # @Q
@D
ð12Þ
Consequently, equations (10) and (11) take the
form
d
dt
@r
@D
 
¼ 1
#
h rþ # @r
@D
 
,Dþ #V,Qþ # @Q
@D
  
hðr,D,QÞÞ
ð13Þ
d
dt
@Q
@D
 
¼ 1
#
k rþ # @r
@D
 
,Dþ #V,Qþ # @Q
@D
  
kðr,D,QÞÞ
ð14Þ
where Vij ¼ ðikjlÞk,l¼1 for 14i43; 14j43 and ik is
the Kronecker delta. To obtain a good approximation,
the value of # used should be suﬃciently small. The
value of # recommended by Fellin and Ostermann26 is
# ¼ maxð1, jjDjjÞ 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃ
EPS
p
ð15Þ
in which EPS is the machine precision (EPS  1016
for double precision arithmetic).
Adaptive time step integration
In order to solve numerically the diﬀerential equa-
tions (7) the explicit Runge–Kutta (2,3) integration
method proposed by Bogacki and Shampine27 is
implemented in the UMAT subroutine. The error
and step size control is based on the Runge–Kutta–
Fehlberg method,28 using the diﬀerence between the
second- and third-order solution.
Considering that a super-vector y ¼ ðr,QÞ will
contain all the variables of the problem and F denotes
the right-hand sides of equations (7), it must solve the
following problem with the given initial value:
_y ¼ FðyðtÞÞ, yðtnÞ ¼ yn ð15Þ
An initial substep size  is chosen, satisfying
044t where t is the given increment by
ABAQUS. The solutions that correspond to the
second- and third-order accuracy of Taylor series
expansion are computed:
y
ð2Þ
ðtnþÞ ¼ yðtnÞ þ k2 ð16Þ
y
ð3Þ
ðtnþÞ ¼ yðtnÞ þ
1
6
ðk1 þ 4k2 þ k3Þ ð17Þ
where
k1 ¼ f ðtn, yðtnÞÞ ð18Þ
k2 ¼ f tn þ
2
, yðtnÞ þ
k1
2
 
ð19Þ
k3 ¼ f ðtn þ, yðtnÞ  k1 þ 2k2Þ ð20Þ
The local truncation error is estimated by the fol-
lowing form:
errðtnþÞ ¼ yð3ÞðtnþÞ  y
ð2Þ
ðtnþÞ  OððÞ3Þ ð21Þ
From equation 21 it can be seen that the local trun-
cation error can be only estimated with a precision up
to OððÞ3Þ, but serves as a guide for selecting each
substep  when integrating from tn to tnþ1.
According to Sloan29 it is diﬃcult to monitor directly
the global error, but it can be controlled by ensuring
that the relative error for each substep is less than
some speciﬁed tolerance. For a substep, the relative
error can be deﬁned as
Rtnþ ¼
errðtnþÞ
 
y
ð3Þ
ðtnþÞ
  ð22Þ
During the integration procedure the size of each
substep is continually updated in such a way that
Rtnþ4TOL ð23Þ
where TOL is error tolerance (typically in the range
102 to 106). Thus, yð3ÞðtnþÞ is considered as solution
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for the given substep. The substep size new for the
next integration will be estimated with the following
condition (see Figure 4):
new ¼ min 2, 0:9 TOL
errðtnþÞ
 1=3" #
ð24Þ
If the estimated relative error is larger than TOL,
the substep is rejected and the integration will be
repeated with a smaller substep size given by
new ¼ max

4
, 0:9
TOL
errðtnþÞ
 1=3" #
ð25Þ
Prediction of track profile degradation
Working methodology and fundamental
assumptions
In order to estimate the evolution of the track proﬁle
degradation due to a passing train, an iterative pro-
cedure, using the track degradation model for the bal-
last layer implemented into the program ABAQUS
via the UMAT subroutine, is proposed and shown
schematically in the ﬂowchart in Figure 5. Initially,
the irregularities proﬁle together with all parameters
of the vehicle–track system are given as input into the
vehicle–track model. The short-term behaviour of the
vehicle–track system is performed in the time domain,
which involves the estimation of dynamic behaviour
by a vehicle passing over the track with constant
speed. This step is executed in the ‘‘implicit mode’’,
in which the hypoplastic law is used for the ballast
layer. During this step, the stress and strain path is
recorded in each Gauss integration point of each bal-
last element in order to compute the rate of
accumulation strain Dacc. The dynamic responses of
vehicle–track system such as contact force, force
transmitted by railpads, vibration in rail are also
obtained. After the implicit step, the simulation is
done in the ‘‘explicit mode’’, in which the long-term
behaviour of the track is carried out in pseudo-time
domain with the accumulation model used for the
ballast layer. The rate of accumulation strain is esti-
mated and then an increment of stress is computed for
an increment of number of loading cycles N (from
now on, the number of loading cycles is understood as
number of train passes) in agreement with (1). The
ﬁnite element program will redistribute stress in the
course of equilibrium iterations. Due to no external
forces being applied in this step, it results in ballast
settlement. The explicit calculation can be interrupted
after certain number of cycles by the ‘‘control cycle’’
to update the rate of accumulation strain. In the con-
trol cycle, the new track proﬁle due to the ballast
settlement and the stress state of ballast layer are
updated previously to the new dynamic calculation
in implicit mode. A new loop of calculation is then
begun.
The following assumptions are made in applying
the proposed methodology.
. Only vertical load is taken into account for the track
settlement. The lateral component, although relevant
for track stability, is neglected in this work, due to the
vertical track settlement being the largest result
observed during the track degradation.
. Only ballast settlement is considered in the calcu-
lation. This assumes that the subgrade is already
established, while the ballast layer is loosened by
tamping. The contribution of ballast settlement is
thus more signiﬁcant.
. The ballast layer thickness is constant along the
length of the track and is considered signiﬁcantly
smaller than the width of the ballast layer.
(a)
(b)
Figure 4. Diagram of selection of substep size: (a) accepted substep size, the integration advances with a new substep size new ; (b)
rejected substep size, the integration will be repeated with a new smaller substep size new .
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With this consideration, the strain in the direction
perpendicular to the vertical longitudinal plane may
be neglected,30 justifying the use of plane strain
model for the ballast layer. It is acknowledged
that in some circumstances the strain perpendicular
to the vertical longitudinal plane may also be signiﬁ-
cant, which would require 3D models for detailed
analysis.
. Environmental changes due to the weather are not
included.
Modelling vehicle–track system
Figure 6 shows a detailed vehicle–track interaction
model proposed to investigate the evolution of the
track deterioration and assessing the vehicle–track
dynamic responses along the degradation process.
Both vehicle and track are completely modelled in a
ﬁnite element environment. According to Nguyen
et al.,31 a 2D vehicle model which includes the vertical
dynamic eﬀects of the primary and secondary suspen-
sions, averaged among all wheels of the vehicle, is
suﬃciently accurate for predicting the vertical
dynamic response for both the vehicle and the track.
Therefore, the ‘‘1/8 vehicle model’’ has been adopted
for this study. This model is represented by means of
lumped masses, spring and damper elements, in fact,
consisting of three mass components (mass of 1/2
wheelset, mass of 1/4 bogie and mass of 1/8 car
body) and of two levels of suspension (primary and
secondary suspension), as shown in Figure 6. The ver-
tical displacement is the only degree of freedom in
each component. The vehicle concerned in this
paper is the Euromed train (Talgo S130) with its par-
ameters shown in Table 1.
Figure 5. Flowchart of the working methodology for the calculation procedure.
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The track submodel consists of the rail, the rail-
pads, the sleepers, the ballast and subgrade layers.
The rail is represented as a continuous beam with
shear deformation that is discretely supported on
the railpads modelled by the linear spring and
damper elements. The sleepers are considered as
rigid bodies with mass. These sleepers lie on the bal-
last layer and have contact with it. The contact for-
mulation surface–surface25 is used and the Lagrange
multiplier method is applied to the constraint enforce-
ment. The contact between sleepers and ballast layer
could be lost during the calculation, which allows us
to study the eﬀect of unsupported sleepers. The ballast
layer is modelled by means of solid elements with
plane strain, accounting for the diﬀerent constitutive
laws at each step of calculation: hypoplastic model for
implicit mode and accumulation model for explicit
mode. The subgrade layer is elastic material, modelled
using the inﬁnite elements as implemented in
ABAQUS25 to avoid wave reﬂections at the bound-
aries of the limited model.
The vehicle interacts with the track through the
wheel–rail contact. Considering the geometry of the
contact area between the round wheel and the rail,
and under the assumptions that the wheel and rail
are the same material with the elastic modulus E
and Poisson’s ratio , using Hertz’s normal elastic
contact theory32 the relationship of wheel/rail force
(Fv) is determined by
Fv¼ 3=2v CH where, CH¼
2E
3ð12ÞðrrrwÞ
1=4 ð26Þ
where v is the vertical relative deformation, rw the
wheel rolling radius and rr the head radius of the
rail cross-section. A realistic common case of rail
type UIC60 with E ¼ 2:1 1011 N/m2,  ¼ 0:3,
rr¼ 0.3m and rw¼ 0.455m is considered in this
study, for which the value of the Hertz’s coeﬃcient
CH is 9:351 1010 N/m3/2.
A Hertzian spring is used for modelling the wheel–
rail contact. This spring is composed of two nodes:
one node at the centre of the wheel and the other node
on the rail. In this study the nonlinear behaviour
according to equation (26) has been used for the
Hertzian spring. The Lagrange multiplier method
will be used for the contact constraint enforcement
between the bottom node of Hertzian spring element
and the rail surface.
Simulation results
In order to study the inﬂuence of some factors in the
track deterioration, such as the type of track geometry
defects and vehicle velocity, the track structure of
Valls–Chilches section belonging to the line
Valencia–Sant Vicent de Calders in Spain is selected.
The main characteristics of the track structure
adopted for this study, which are shown in Table 2
Prior to the performance of dynamic calculations,
the static mechanical response of the ﬁnite element
track model has been veriﬁed by checking the dis-
placement proﬁle of the rail under an axle load of
88.29 kN. Both the maximum displacement obtained
of 0.65mm, within the expected normal range of 0.5–
Figure 6. Two-dimensional numerical model of the vehicle–track system.
Table 1. Parameters of the vehicle model.
Notation Parameters Value
Mc ¼ 8mc Car body mass (kg) 57,200
Mb ¼ 4mb Bogie mass (kg) 3600
Mw ¼ 2mr Wheelset mass (kg) 1900
k2v Secondary suspension
stiffness (kN/m)
597
c2v Secondary suspension
damper (kNs/m)
100
k1v Primary suspension
stiffness (kN/m)
984.7
c1v Primary suspension
damper (kNs/m)
26
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2.0mm, and the proﬁle (not shown for brevity) reﬂect
the expected behaviour.
The irregularity proﬁle is initially introduced as
input data into the vehicle–track model, which was
obtained in the track geometry inspection realised
by ADIF on the line Valencia–Sant Vicent de
Calders in 2008. Two types of track geometry defect
related to the maximum defects (peak values) and the
standard deviation have been identiﬁed and used in
this study in order to investigate the inﬂuence of track
geometry defects on the dynamic responses of vehicle–
track system and the evolution of track settlement due
to those dynamic eﬀects. Figure 7 shows two initial
track irregularity proﬁles used in the numerical simu-
lation. It is considered that those two proﬁles are
obtained soon after the tamping process.
The numerical simulations are carried out with the
vehicle–track model described above, using the pro-
posed methodology. The Hilber–Hughes–Taylor
(HHT) time integration method33 is used to solve
the transient problem in the time domain. A constant
time step t ¼ 0:2 103 s is used in this dynamic
calculation. Furthermore, a range of vehicle velocities
ranging from 160 to 220 km/h, in increments of
10 km/h, are considered in order to study the inﬂuence
of vehicle velocity. The calculation of settlement is
executed immediately after the dynamic calculation
and done in pseudo-time with an increment of
number of train passes N¼ 50. During the simula-
tion, the calculation of settlement is interrupted by
several control cycles, in which the dynamic calcula-
tion is performed to update the dynamic response due
to the track proﬁle change. The total number of train
passes for the simulation is 50,000 which corresponds
to the total traﬃc volume of trains circulating on this
line over 2 years. The following results have been
obtained and will be discussed below:
. track settlement evolution;
. contact force between wheel and rail;
. force transmitted by railpads to sleepers.
Influence of track geometry defects
It is known that the track geometry defects are the
main excitation sources that may induce oscillations,
vibrations and noise in the vehicle–track system. The
track geometry is deteriorated as a consequence of
those eﬀects. In order to illustrate the inﬂuence of
the diﬀerent track geometry defects on the track
settlement evolution, Figure 8 presents the evolution
of vertical settlement along the track section for vehi-
cle velocity v¼ 200 km/h. In all graphs, the track
settlement is plotted for each 5000 train passes. It
can be observed that the vertical settlement evolution
is fairly uniform in case of the track proﬁle with dis-
tributed defect, while a larger local settlement is gen-
erated in the case of the track proﬁle with isolated
defect as expected. Thus, the contact force between
wheel and rail and the consequently force transmitted
by railpads in the isolated defect zone are much
greater than in the other zone with more distributed
defects (see Figures 9 and 10). Furthermore, from
Figure 9 it can be noted that the contact force
obtained after 50,000 train passes increases consider-
ably with respect to that obtained in the ﬁrst cycle,
even achieving loss of contact between wheel and rail.
Table 2. Main characteristics of the track structure of the
Valls-Chilches section (obtained from ADIF data).
Element Type Properties Value
Rail UIC 60 Cross-section area (A) 76.86 cm2
Unit mass (m) 60.34 kg/m
Moment of inertia (Ixx) 3055 cm
4
Moment of inertia (Iyy) 512.9 cm
4
Fastening Elastic Railpad stiffness (kp) 100MN/m
system Vossloh Railpad damping (cp) 32 kN s/m
Sleeper Sleeper length (l) 2.6m
Monobloc Sleeper mass (mt) 325 kg
PR-90 Sleeper width (at) 0.3m
Sleeper height (d2) 0.24m
Sleeper spacing (ls) 0.60m
Ballast Type 2 Density (b) 1402 kg/m
3
Coefficient of Los
Angeles abrasion
13.08 %
Ballast height 0.35m
(a)
(b)
Figure 7. Initial track profile: (a) with isolated defect; (b) with
distributed defect.
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The other phenomenon observed in the numerical
results is the load impact on the track due to unsup-
ported sleepers, as shown in Figure 10. In this ﬁgure,
the force transmitted by railpads is obtained in the
control cycle (dynamic calculation) after 50,000 train
passes. It can be seen that at the beginning of the
dynamic calculation, there is preload in the railpads:
some of those are in tension and the others are in
compression. It is due to the redistribution of the
self-weight of the super-structure of track when
some sleepers may be completely unsupported due
to the diﬀerential ballast settlement along track sec-
tion. A higher force transmitted by railpads is
achieved in the unsupported sleepers zone when the
vehicle runs over the track. These forces can be twice
as high as those obtained under normal conditions.
Influence of vehicle velocity
A range of vehicle velocities that corresponds to the
real speeds over this track section, ranging from 160
to 220 km/h, in increments of 10 km/h, has been con-
sidered. The evolution of the standard deviation of
the track section as a function of the number of
train passes (N) is presented in Table 3. It can be
observed that the track quality deterioration grows
as the vehicle velocity increases. In fact, the standard
deviation value obtained after 50,000 train passes is
64% larger than the initial value for the largest vel-
ocity considered v¼ 220 km/h, and this value is 12%
(a)
(b)
Figure 8. Evolution of the vertical settlement along the track
section when v¼ 200 km/h: (a) isolated defect; (b) distributed
defect.
(a)
(b)
Figure 9. Contact force between wheel and rail for
v¼ 200 km/h: (a) isolated defect; (b) distributed defect.
(a)
(b)
Figure 10. Force transmitted by railpads for v¼ 200 km/h
after 50,000 train passes: (a) isolated defect; (b) distributed
defect. Here x refers to longitudinal position of railpads and F
is maximum force.
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larger than the same value obtained for the vehicle
velocity v¼ 160 km/h. Compared with the alert limit
established by EN 13848-5:2008,34 the value of stand-
ard deviation of the studied track section is still below
this alert limit, therefore, the regularly planned main-
tenance operation is not necessary.
With respect to the dynamic responses during the
vehicle–track interaction, the dynamic ampliﬁcation
factor 	 is used to interpret the results in dimension-
less form:
	 ¼ Fdyn
Fsta
ð27Þ
where Fsta is the static response and Fdyn is the max-
imum dynamic response. Figure 11 illustrates the
dynamic ampliﬁcation factors of wheel-rail contact
force obtained in diﬀerent control cycles for the
range of vehicle velocity. It may be observed that
the dynamic response of vehicle–track system
increases with the vehicle speed. A signiﬁcant dynamic
ampliﬁcation can be generated when the vehicle runs
over the track with isolated defects at high speed (1.78
for v¼ 220 km/h in initial proﬁle) and, in particular,
this value shows very large values after 50,000 train
passes (2.42 for v¼ 220 km/h). In general, the ampli-
ﬁcation factor increases with speed. However, this is
not always the case, and in some situations, critical
velocities may be reached.
Verification of prediction capability
To verify the capacity of prediction of track proﬁle deg-
radation of the proposed methodology in this paper,
using the 2D model of the vehicle–track system shown
in Figure 6, the predicted evolution of the track geom-
etry obtained by numerical simulation will be compared
with the real evolution of track geometry. For this
analysis, a diﬀerent track section is selected, for which
ﬁeld measurement information was available: the
Matapozuelos–Valdestillas track section belonging to
the Madrid–Hendaya line in Spain, modelled with the
standard train traﬃc mix. The real evolution of vertical
track proﬁle are obtained from diﬀerent inspection
campaigns from 2008 to 2010 by the Spanish
Organization of Railway Infrastructure (ADIF), as
shown in Figure 12(a). According to ADIF’s
Table 3. Standard deviation obtained in different numbers of train passes for different vehicle velocities.
N
Standard deviation  (mm)
(passes) v¼ 160 v¼ 170 v¼ 180 v¼ 190 v¼ 200 v¼ 210 v¼ 220
0 0.475 0.475 0.475 0.475 0.475 0.475 0.475
5000 0.596 0.602 0.615 0.629 0.630 0.643 0.662
10000 0.628 0.631 0.642 0.658 0.660 0.678 0.696
15000 0.641 0.646 0.658 0.676 0.678 0.699 0.716
20000 0.652 0.658 0.670 0.690 0.692 0.713 0.730
25000 0.660 0.669 0.680 0.700 0.703 0.725 0.742
30000 0.671 0.678 0.688 0.709 0.712 0.735 0.751
35000 0.680 0.686 0.694 0.716 0.720 0.743 0.759
40000 0.687 0.692 0.700 0.723 0.727 0.750 0.766
45000 0.692 0.697 0.705 0.728 0.733 0.756 0.772
50000 0.698 0.702 0.710 0.733 0.738 0.762 0.777
Alert limit by EN 13848-5:200834 L (mm)
1.4 1.2 1.2 1.2 1.2 1.2 1.0
(a)
(b)
Figure 11. Dynamic amplification factor of contact force
between wheel and rail in different train passes: (a) isolated
defect; (b) distributed defect.
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information, no maintenance work was done in this
period, and there are about 25,000 trains circulating on
this line per year with a maximum speed of 120km/h.
The main adopted characteristics of train and track are
listed in Table 4. The numerical simulation is performed
using the proposed methodology, with the total number
of 50,000 train passes that corresponds to the total traﬃc
volume of this period 2008–2010. The vehicle runs over
the track with constant speed of 120km/h. A constant
time step t ¼ 0:2 103 s is used in dynamic calcula-
tion and an increment of number of train passes
N¼ 50 are used in the simulation.
It is noted that the value of track proﬁle obtained
in the inspection campaign is relative, while the results
obtained by numerical simulation are absolute values
of vertical track settlement in the global coordinate
system. Therefore, in order to compare the numerical
results with the real proﬁle, a relative vertical proﬁle is
determined by using the double integration of the
acceleration of the wheel obtained in the numerical
simulation.35 Figure 12(b) shows the relative vertical
proﬁle of the track from the numerical simulation at
diﬀerent number of train passes that correspond to
each year of inspection. It can be seen that there is
small diﬀerence in the peak value between the real and
numerical results, but in general the vertical proﬁle
obtained by simulation is closed to the real value. If
it takes into account that some simpliﬁcations in the
modelling and properties of vehicle and ballast layer
have been adopted for numerical simulation, the
numerical results could be considered as a good
approximation, demonstrating the capacity of the
proposed methodology.
Conclusions
This work describes a computational procedure for
the prediction of ballasted track proﬁle degradation
under railway traﬃc loading, in which a track settle-
ment model combined by two constitutive laws (hypo-
plastic and accumulation model) has been used and
implemented into the ﬁnite element code ABAQUS.
Moreover, to evaluate the dynamic eﬀects generated
during the vehicle–track interaction in the track settle-
ment, a 2D coupled vehicle–track model was used.
The wheel–rail contact was considered in the vehi-
cle–track interaction, using a nonlinear Hertzian
spring. A nonlinear contact interaction is also con-
sidered between the sleepers and the ballast layer.
The main results obtained in this study are as follows.
. The permanent deformation of the ballast layer
depends on the dynamic loading transmitted to
(a)
(b)
Figure 12. Evolution of the vertical track profile: (a) data
obtained from inspection; (b) data obtained from the numerical
simulation.
Table 4. Main parameters of train and track used in the val-
idation of the model.
Notation Parameter Value
Vehicle system
Mc¼ 8mc Mass of car body (kg) 59500
Mb¼ 4mb Mass of bogie (kg) 3100
Mw ¼ 2mr Mass of wheelset (kg) 1577
k2v Secondary suspension
stiffness (kN/m)
368
c2v Secondary suspension
damper (kNs/m)
12.7
k1v Primary suspension
stiffness (kN/m)
981
c1v Primary suspension
damper (kNs/m)
32.27
Track system
A Cross section area
of rail UIC 54 (cm2)
6977
m Unit mass of rail UIC 54 (kg/m) 54.77
Ixx Moment of inertia of UIC 54 (cm
4) 2337.9
Iyy Moment of inertia of UIC 54 (cm
4) 419.2
kp Railpad stiffness (MN/m) 140
cp Railpad damping (kN s/m) 45
l Sleeper length (m) 2.6
mt Sleeper mass (kg) 325
at Sleeper width (m) 0.3
ht Sleeper height (m) 0.24
ls Sleeper spacing (m) 0.60
b Ballast density (kg/m
3) 1395
Ballast coefficient
of Los Angeles abrasion (%)
9.3
hb Ballast height (m) 0.35
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this layer, and on the number of train passes. This
deformation accumulation increases with the
number of train passes and causes the continuous
deterioration of track geometry quality. A faster
deterioration is observed in the zone with isolated
defects.
. As a consequence of the track geometry deterior-
ation, the dynamic force on the track increases
even more with the number of train passes, and
in turn, the increasing dynamic force will damage
the track geometry quality further, leading to a
cyclic feedback process.
. Vehicle velocity is an important factor that has
considerable inﬂuence on the track geometry
deterioration. Greater speeds will induce higher
dynamic forces on the track and the track deteri-
oration will be faster.
. Unsupported sleepers due to the diﬀerential ballast
settlement are observed during the simulation, pro-
ducing increased force transmitted by railpads to
the ballast layer than that obtained in normal
conditions.
The evolution of the track proﬁle degradation
obtained by numerical simulation showed a good
agreement with the site data on the selected track sec-
tion of Matapozuelos–Valdestillas. This proves the
prediction capability of the proposed methodology
for reproducing track degradation. However, the veri-
ﬁcation carried out in this paper is only available for
this particular case. Further work including a com-
plete and systematic measurement program would
be needed to provide a complete validation.
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Appendix
A Constitutive functions of the Bochum
accumulation model
Using the hypoplastic ﬂow rule, the direction of accu-
mulation m in (2) can be approximated as
mij ¼ MijjjMjj ð28Þ
where jjMjj ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
trðM2Þ
p
represents the Euclidean norm
and
Mij ¼  F
a
 2
ð^ij þ s^ijÞ þ ð^ : ^Þs^ij  ^ijð^ :b1sÞ" # ð29Þ
with ^ij the normalised stress tensor, s^ijÞ the ﬁrst invar-
iant of ij, deﬁned in (34). The parameters a and F are
deﬁned in (35) and (36), respectively.
The six functions in (2) and the material constants
corresponding to each function are summarised in
Table A1.
In the expression of these function, the strain
amplitude "ampl is determined through the recorded
strain path, pav is the average eﬀective mean stress, e
is the void ratio, N is the number of loading cycles,
and the factor Yav is given by
Yav ¼ Y 9
Yc  9 ð30Þ
with
Y ¼  I1I2
I3
and Yc ¼ 9 sin
2 ’c
1 sin2 ’c
ð31Þ
being I1, I2, I3 the scalar invariants of the normalised
average stress tensor ^avij .
Table A2 presents the ballast material parameters
for the accumulation model used in the numerical
simulation in this paper.
B Constitutive functions of the hypoplastcity model
The tensor L and N in (3) are written as
Lijkl ¼ fbfe
trð^2Þ
ðF2ikjl þ a2^ij^klÞ ð32Þ
Table A2. Accumulation model parameters for ballast
material.
"amplref C1 C2 C3 Cp
[–] [–] [–] [–] [–]
104 5:7172 104 1.6148 1:6987  106 0.43
pref CY Ce eref C1
[kPa] [–] [–] [–] [–]
100 2.0 0.58 1.00 0.0
Table A1. Summary of the functions and material constant.
Function Material
constants
fampl ¼
"ampl
"ampl
ref
 2
for "ampl4103
100 for "ampl4 103
8<: "amplref
fp ¼ exp Cp p
av
pref
 1
 	h i
Cp
pref
fY ¼ expðCY YavÞ CY
fe ¼ ðCeeÞ
2
1þe
1þeref
ðCeeref Þ2 Ce
eref
fN ¼ C1 lnð1þ C2NÞ|ﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ{zﬄﬄﬄﬄﬄﬄﬄﬄﬄﬄ}
f A
þ C1C3N|ﬄﬄ{zﬄﬄ}
f B
C1
C2
C3
f ¼ 1þ C1ð1 cos 
Þ cos 
 ¼ trðA
!n
" : A
!nþ1
" Þ C1
Nguyen et al. 15
 at Univ of Newcastle upon Tyne on December 16, 2015pif.sagepub.comDownloaded from 
Nij ¼ fbfdfeFa
trð^2Þ
ð^ij þ s^ijÞ ð33Þ
where ij is the Kronecker delta, and
^ij ¼ ij
trr
, s^ij ¼ ^ij  1
3
trð^Þij ð34Þ
The factors a and F are determined by the follow-
ing formulations:
a ¼
ﬃﬃﬃ
3
p ð3 sin’cÞ
2
ﬃﬃﬃ
2
p
sin’c
ð35Þ
F¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1
8
tan2 þ 2 tan
2 
2þ ﬃﬃﬃ2p tan cos3
s
 1
2
ﬃﬃﬃ
2
p tan ð36Þ
being
tan ¼
ﬃﬃﬃ
3
p
jjbsjj, cos3 ¼  ﬃﬃﬃ6p trðbs3Þ½bs :bs3=2
Three characteristic void ratios, the minimal possi-
ble void ratio (ed), the critical void ratio (ec) and the
void ratio in the loosest state (ei), are dependent on
the pressure in a relation proposed by Bauer:36
ei
ei0
¼ ec
ec0
¼ ed
ed0
¼ exp  3p
hs
 n 
ð37Þ
with the respective reference values ei0, ec0, ed0 for zero
pressure. The constants ei0, ec0, ed0 with the hs, n are
material parameters.
The scalar factor fb, fe, fd take into account the
inﬂuence of mean pressure and density:
fd ¼ e ed
ec  ed
 

ð38Þ
fe ¼ ec
e
 	
ð39Þ
fb ¼ hs
n
1þ ei
ei
 
ei0
ec0
 
3p
hs
 1n
 3þ a2  a
ﬃﬃﬃ
3
p ei0  ed0
ec0  ed0
 
 1 ð40Þ
with  the other material parameter.
The tensor Mijkl in (5) has the form
M¼½mT þ ð1 ÞmRL
þ 
ð1mTÞL : ^	 ^þ N	 ^ if ^ : D4 0
ðmR mTÞL : ^	 ^ if ^ : D40
(
ð41Þ
where  ¼ ðjjdjj=RÞ, R, mR, mT, are material para-
meters, jjdjj is the Euclidean norm of intergranular
strain tensor. The direction of intergranular strain ^
is deﬁned as
^ ¼ d=jjdjj if d 6¼ 0
0 if d ¼ 0

ð42Þ
The intergranular strain tensor is determined by its
evolution equation:
d

¼ ðI ^	 ^
rÞ : D if ^ : D4 0
D if ^ : D40
(
ð43Þ
with a parameter R. Here I is the unit tensor of
fourth order (Iijkl ¼ ikjl).
The material parameters used in the numerical
simulation in this paper are given in Table B1.
C UMAT interface in Abaqus
To introduce the user material into the input data ﬁle,
the keyword *USER MATERIAL is used.25 The following
input lines should be included to specify the user
material:
*MATERIAL, NAME¼ (name)
*USER MATERIAL, CONSTANT¼nsdv
Data line(s) specifying the material
parameters
*DEPVAR
nsdv
*INITIAL CONDITIONS, TYPE¼SOLUTION, USER
*INITIAL CONDITIONS, TYPE¼STRESS
Data line(s) specifying the initial stress of
elements
Herein, the *MATERIAL keyword speciﬁes the name
of the user material. As a crucial point, the *USER
MATERIAL keyword is required to specify material
parameters for the UMAT. The *DEPVAR is needed
when the material model contains internal variables
state and is necessary for the allocation of space for
nsdv variables state at each integration point. The
*INITIAL CONDITIONS, TYPE¼SOLUTION, USER
option is used to initialise non-zero internal variables
state via user subroutine SDVINI.25 The *INITIAL
CONDITIONS, TYPE¼STRESS speciﬁes the initial stress
in the elements.
Table B1. Hypoplastic material parameters.
	c½o hs½MPa n ed0 ec0 ei0 

33 150 0.40 0.65 1.00 1.15 0.05
 R mr mT r 
4.0 4:5 104 5.0 5.0 0.15 2.5
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